TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 160, October 1971

FINITELY GENERATED NILPOTENT GROUPS
WITH ISOMORPHIC FINITE QUOTIENTS

BY
P. F. PICKEL(")

Abstract. Let Z#(G) denote the set of isomorphism classes of finite homomorphic
images of a group G. We say that groups G and H have isomorphic finite quotients
if #(G)=%(H). In this paper we show that if G is a finitely generated nilpotent
group, the finitely generated nilpotent groups H for which #(G)=#(H) lie in only
finitely many isomorphism classes. This is done using some finiteness results from
the theory of algebraic groups along with some heretofore unpublished results of
A. Borel.

Although the structure of finitely generated nilpotent groups is rather simple,
the isomorphism problem for these groups is as yet unresolved. One method which
has been considered for attacking the problem is the use of the set #(G) of iso-
morphism classes of finite quotients of the group G. The study of the finite quotients
of finitely generated nilpotent groups has given much information about the
structure of the groups [3], [8], although the finite quotients do not determine the
group up to isomorphism ([15], and Higman, unpublished). The following positive
result in this direction was obtained recently by A. Borel in some unpublished work:
If G is a finitely generated torsion-free nilpotent group, then the finitely generated
torsion-free nilpotent groups H for which #(G)=%(H) are contained in finitely
many commensurability classes. (Recall that two groups G and H are said to be
commensurable if there is a group K which is isomorphic to a subgroup of finite
index in each of G and H.)

The major part of this paper is devoted to showing that in a given commensur-
ability class there can be only finitely many isomorphism classes of torsion-free
finitely generated nilpotent groups with the same set of finite quotients. Borel’s
result and a relatively easy reduction to the torsion-free case then yield the following
result which was announced in [14].

THEOREM. Let G be a finitely generated nilpotent group. Then the finitely generated
nilpotent groups H for which #(G)=%(H) are contained in finitely many isomor-
phism classes.
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This result implies that given a presentation of a finitely generated nilpotent
group G, there is a finite list of presentations including the given one which contains
exactly one representative for each isomorphism class of groups having the same
finite quotients as G. If one could construct such a list algorithmically, one would
have a solution to the isomorphism problem. The techniques of this paper do not
yield such an effective procedure although it may be possible to produce a finite
effective list containing at least one representative of each isomorphism class
having the same finite quotients by our methods.

I would like to thank A. Borel for his permission to reproduce his heretofore
unpublished results (Lemma 1.2 and Theorem 3.1) and G. Baumslag for many
helpful conversations.

1. Preliminaries on completions. Let G be a finitely generated nilpotent group.
Consider the infinite sequences {a;} of elements of G, for which

ai'a, € G* = gp{x*' | xe G}.

We will say two such sequences {g;} and {b;} are equivalent if a;"b; is in G for
each i>0. Note that the equivalence class of a sequence is unchanged if a finite
number of terms are deleted (and the remaining terms renumbered in the same
order). The set of equivalence classes of these sequences forms a nilpotent group
under coordinatewise multiplication. We will call this group the p-adic completion
of G and denote it by Z,G. Z,G is the completion of G with respect to the uniform
topology, for which a neighborhood basis of the identity is given by the groups
G*'. There is an integer k such that every element of G* is a p'~* power in G if
i>k [3]. Thus we could have used the sets {G}*'={x"' | x € G} as a neighborhood
basis of the identity for the p-adic topology. If G is residually a finite p-group, in
particular if G is torsion free [6], the p-adic topology is Hausdorff and G is canon-
ically included in Z,G. If G is torsion free, then Z,G must be torsion free.

Suppose now that H is a subgroup of G. Since H is of finite index in its p-isolator
H [10, p. 248], there is an integer / such that H?*'c H* for each i. Using the
integer k introduced above, we have

GPt*t A H < Gttt A H < HP'Y < HY

Let {a;} be a sequence of the type introduced above, for which each g; is in H.
Then the sequence {n,=a;. ..} satisfies n; *n;, , € H? for all i and is equivalent in
G to the original sequence {@;}. Thus Z,H can be identified with the subgroup of
Z,G consisting of those equivalence classes containing a sequence with all its terms
in H. If H is normal in G, Z,H is normal in Z,G. The following lemma then
follows by appropriate modification of sequences:

LEMMA 1.1. Suppose G is a finitely generated nilpotent group. If H is a normal
subgroup of G, then Z,H is a normal subgroup of Z,G and Z,(G|H) is isomorphic
to Z,G|Z,H.
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The relation of p-adic completions to the problem with which we are concerned
is given by the following lemma of Borel.

LeMMA 1.2. Let G and H be finitely generated nilpotent groups. Then F(G)
=%(H) if and only if Z,G is isomorphic to Z,H for all finite primes p.

Proof. For any positive integer m, we let G"=gp {x™ | x € G}, the smallest normal
subgroup of G containing the clements x™ for all x in G. If T',, is defined to be
G/G™, T, is a finite group of exponent m [10, p. 230] and every quotient of G of
exponent dividing m is a quotient of I',,. In particular, if m divides n, we have
G™>G", so there is a canonical epimorphism vy, ,: I, — I',,. Similarly we have
H™, ©,, and @, ,. Since each finite quotient of G of exponent m is a quotient of
I',, and similarly for H and ©,,, G and H have isomorphic finite quotients if and
only if I, is isomorphic to ©,, for each integer m. Every finite nilpotent group is
the direct product of Sylow subgroups [10, p. 216], so I',, is isomorphic to 0,
if and only if their respective Sylow subgroups are isomorphic. If p* exactly divides
m, then the p-Sylow subgroup of T',, is of exponent p' and must be the largest
quotient of I',, of exponent p' (since I, is a product of its Sylow subgroups). Thus
the p-Sylow subgroup of I',, must be I',:. We then have that #(G)=%(H) if and
only if ', is isomorphic to ®,, for m a prime power.

We now restrict our attention to a particular prime p, and denote I',: by I';, and
similarly for ®,: and the homomorphisms y, ,, and 6, ,. Suppose now that I, is
isomorphic to O for each i. We claim that there must exist isomorphisms
fit Ty — 0, such that the following diagram is commutative:

Y@, YG+ 1.5

Pa) P<2> to F(f) I‘(j+ 1)
f fa fi a1
0(2).(1> 0 9(/+ 1, )
(68} 2) T &) G+ S

Let f; be an isomorphism, f;: I';, — O,. We will say that f; extends to j> i if there
is an isomorphism f; such that the following diagram commutes:

PAOXO)
Ly Ly

f Ji

e(i).(i)
Oy ~— 0,
and that f; is indefinitely extendable if f; extends to j for each j>i.
For i<j, any isomorphism f;: I';, — ©;, is an extension of some f; since [,
and Oy, are the largest quotients of I';, and @y, respectively, of exponent p'. Thus
for a given i and any j=/, some isomorphism f;: I';, — @, extends to j. Since the
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set of isomorphisms of I';, with Oy, is finite, some such f; must extend to infinitely
many and thus to all j>i. We thus have that #(G)=%(H) implies that Z,G
=proj lim (L), ¥,) is isomorphic to Z,H=proj lim (O, 0y),w)-

Conversely if Z,G is isomorphic to Z,H we have

l-‘(D = G/Gp! = ZpG/(ZpG)p‘ = ZpH/(ZpH)pl = H/Hp‘ = G(i),

which completes the proof.

The remainder of this section details properties of finitely generated torsion-free
nilpotent groups, which we will term N-groups. Recall that every torsion-free
nilpotent group G may be embedded in a divisible nilpotent group G* of the same
class [10, p. 256]. For such an embedding, the intersection of all divisible subgroups
of G* containing G is called a Mal’cev completion of G. The Mal'cev completion
of G is unique up to isomorphism and has the property that each of its elements
has some power lying in G [10, p. 256]. For a given N-group G, we will denote its
Mal’cev completion by QG and the Mal'cev completion of Z,G by Q,G. We then
have G canonically included in each of Z,G and QG and each of Z,G and QG
canonically included in Q,G. Two N-groups G and H are commensurable if and
only if QG is isomorphic to QH [12].

For any A in Z,, the ring of p-adic integers, there are rational integers {a(i)}i2,
such that a(i)—a(i+ 1) is divisible by p* and the sequence {a(i)} converges to A in Z,.
For any x in Z,G, the sequence {x*®} is a Cauchy sequence. Since Z,G is complete,
this sequence has a limit which we will call x*. This operation makes Z,G into a
Z,-group; that is, for each A in Z, and x in Z,G, there is a unique element x* in
Z,G, defined in such a way that x*x*=x**#, (x*)*=x™ and (y~'xy)*=y~1xy for
all A, pin Z, and x, y in Z,G (see [11]). Note that if 4 is any abelian, Z,-closed
subgroup of Z,G, e.g., if 4 is the center of Z,G, the above operation makes A4 into
a Z,module. It follows from the properties of Mal'cev completions that QG is a
Q-group, where Q denotes the rational numbers, and that Q,G is a Q,-group,
where Q, denotes the p-adic rational numbers.

Recall that a normal basis for an N-group G is an ordered finite set (xy, . . ., Xp)
of elements of G such that

(a) each element of G may be written uniquely in the form x}Vx%®. . . xM™ for
integers n(i),

(b) each x; is central modulo gp {x;; 1, ..., Xn}-

Such normal bases exist for any N-group [7]. The following lemma, which is
essentially known [7], shows that (x,, . .., x,) is an X-normal basis for XG, where
Xis Z,, Q or Q,. The proof is an easy induction on the torsion-free rank m of G,
using Lemma 1.1, and the fact that if x™ and y" commute in a torsion-free nilpotent
group, then x and y also commute [10, p. 243].

LemMmA 1.3. Let (x4, ..., x,) be a normal basis for an N-group G. Then
(a) every element of Z,G may be written uniquely in the form x\V. . .x\™ with
r(i) in Z,,
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b) every element of QG may be written uniquely in the form x'V- - .x%™ with
Y y q
r(i) in Q,
c) every element o may be written uniquely in the form x{V-...xi™ wit
y el ,G may b jit iquely in th o ™ with

r(i) in Q,.

Suppose x is an element of QG. We will say that x lies in Z,G if, whenever x is
considered as an element of Q,G, via the canonical inclusion, x is an element of
Z,G. We then have

COROLLARY 1.4. The elements of QG which lie in Z,G for all primes p are precisely
the elements of G.

Proof. Let x be such an element. Then x can be written uniquely as xi- - - xi(™
with r(i) in Q and r(i) in Z, for each prime p. This implies that r(i) is rational
integer for each i, so that x is in G.

LEMMA 1.5. Any homomorphism ¢: Z,G — Z,H is a Z,-homomorphism; that is
e(x")=p(x)* for A in Z, and x in Z,G.

Proof. The groups (Z,G)* and (Z,H)" form neighborhood bases for the
identity in Z,G and Z,H respectively. Since ¢((Z,G)*)<=(Z,H), ¢ is continuous
in the respective topologies. This means that ¢ preserves limits so that the lemma
follows from the definition of x*.

LEMMA 1.6. Let G and H be N-groups. Then any isomorphism ¢ of G onto H
extends uniquely to isomorphisms ¢, of Z,G onto Z,H and to an isomorphism ¢
of OG onto QH. Further, an isomorphism ¢, of Z,G onto Z,H extends uniquely to
an isomorphism &, of Q,G onto Q,H, and an isomorphism  of QG onto QH extends
uniquely to isomorphisms ¥, of Q,G onto Q,H.

Proof. This follows from Theorem 6.7 of [7] and Lemma 1.5.

COROLLARY 1.7. Let G and H be N-groups for which there exist isomorphisms
@p: Z,G — Z,H and y: QG — QH which are onto and such that the extensions ¢,
and , to Q,G are the same for all primes p. Then G and H are isomorphic by a map
@ which extends to ¢, and s on the respective groups.

Proof. If x is in G, we have that )(x) is an element of QH which is in Z,H for all
D, and thus is in H so that $(G)< H. Similarly ¢ ~}(H)<G, so that i restricted to G
must be an isomorphism onto H.

LEMMA 1.8. Let G be an N-group and let H be a subgroup of finite index in G.

Then Z,H is of finite index in Z,G and, for all but a finite number of primes p,
Z,H=ZG.

Proof. Suppose the index of H in G is n and that (x4, ..., X,,) is @ normal basis
for G. Then for each i, there is an integer k(i) <n such that x}® isin H. If pis a
prime greater than », k(i) is invertible in Z, so there is an element A(7) of Z, such
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that k(/)A(i)=1. This implies that (xf®)*®=x; is an element of Z,H, for each i.
It follows from Lemma 1.3 that Z,H=Z,G for primes p greater than n.

Since every subgroup of a nilpotent group G is subnormal, it follows that if H
is a subgroup of index » in G and x is an arbitrary element of G, then x" is in H.
If Ais an element of Z,,, then A=j+nA" with 0<j<n and X' in Z,. We will show by
induction on the torsion-free rank m that each element x}®- - -x)™ in Z,G has a
coset representative with respect to Z,H of the form x{V-..xX™ with integers
j(i)<n. The case m=1 is obvious and by the inductive hypothesis applied to
G/gp {xn}, we have

x?(l). . ,xﬁl(Tl— l)x;\n(m) = xll'(l)_ . x;’érﬁ; l)x#l(m)h,

for some u(m) in Z, and some 4 in Z,H. As we noted above u(m)=j(m)+nX so
that x4™ = x#™(x%)"'. This completes the inductive step, implying that each coset
of Z,H has a representative in G. Thus the number of cosets of Z,H in Z,G can be
no greater than the number n of cosets of H in G.

LEMMA 1.9. Let G and H be N-groups and let ¢ be an isomorphism of QG onto
QH. Then for all but a finite number of primes p, the extension of ¢ to an isomorphism
o, of Q,G onto Q,H sends Z,G isomorphically onto Z,H.

Proof. ¢(G) is a subgroup of QH commensurable with H, so there is a subgroup
K of QH, which is of finite index in each of H and ¢(G). By Lemma 1.8, for all but
a finite number of primes p, Z,(¢(G))=Z,K and Z,H=Z,K so that Z,(¢(G))=Z,H.
Since Z,(¢(G)) =¢,(Z,G), the lemma follows.

LemMA 1.10. Let G be an N-group. Then there are only finitely many subgroups
of Q,G which contain Z,G as a subgroup of a given finite index n.

Proof. Let G*=gp {x € Q,G | x" € Z,G}. If H is any subgroup of Q,G containing
Z,G as a subgroup of index n, H is contained in G*. We will show by induction on
the torsion-free rank m of G that Z,G is of finite index in G* so there can be only a
finite number of groups between Z,G and G*. Let (xy, ..., x,) be a normal basis
for G. Let W be the Q,-subgroup of Q,G generated by x, and let Z*=G* N W
and Z=Z,G N W. As noted before Lemma 1.3, each of Z, Z* and W is a Z,-
module and Z is singly generated (by x,,). For any x in G* we have x™ in Z,G
[10, p. 248] so (Z*)“<Z. Thus Z* is a singly generated Z,-module and Z is of
finite index in Z* (by properties of Z,-modules). The inductive hypothesis implies
that Z*-(Z,G) is of finite index in G*, so that Z,G is of finite index in G* as claimed.

LeMMA 1.11. Let G be an N-group. Then there are only finitely many subgroups
of Z,G of a given finite index n.

Proof. For any subgroup H of index » in Z,G, H must contain (Z,G)". By the
same method as in Lemma 1.10 we may show that (Z,G)" is of finite index in Z,G
and the lemma follows as before.
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If H is a subgroup of a group G and X is a group of automorphisms of G, we
will denote the group of automorphisms in X which take H isomorphically onto
itself by stab (H, X).

LEMMA 1.12. Let G be an N-group and let H be a subgroup of Q,G, which contains
Z,G as a subgroup of finite index. Then stab (H, stab (Z,G, Aut (Q,G))) is of finite
index in stab (Z,G, Aut (Q,G)).

Proof. Let n be the index of Z,G in H and let H=H,, H,,..., H, be a list
(finite by Lemma 1.10) of the subgroups of Q,G containing Z,G as a subgroup of
index n. If ¢ is any element of stab (Z,G, Aut (Q,G)), ¢ permutes the groups H..
Thus we may construct a homomorphism from stab (Z,G, Aut (Q,G)) into a finite
permutation group. The kernel of this homomorphism is of finite index in
stab (Z,G, Aut (Q,G)) and is contained in stab (H, stab (Z,G, Aut (Q,G))).

By an analogous argument, we may prove

LeEMMA 1.13. Let G be an N-group and let H be a subgroup of finite index in Z,G.
Then stab (H, stab (Z,G, Aut (Q,G))) is of finite index in stab (Z,G, Aut (Q,G)).

PROPOSITION 1.14. Let H be a subgroup of finite index in an N-group G. Then the
subgroups stab (Z,G, Aut (Q,G)) and stab (Z,H, Aut (Q,G)) of Aut (Q,G) intersect
in a subgroup K of finite index in each.

Proof.
K = stab (Z,G, stab (Z,H, Aut (Q,G))) = stab (Z,H, stab (Z,G, Aut (Q,G))).

By Lemma 1.8, Z,H is of finite index in Z,G so the proposition follows immediately
from Lemmas 1.12 and 1.13.

2. Lie algebras and algebraic groups. In this section we recall facts about
N-groups and their related Lie algebras [9], [12]. We then extend these results to
the p-adic completions to obtain a relation between various automorphism groups
and an algebraic matric group.

Let # be the group ring of an N-group G over the rational numbers and let &/
be the augmentation ideal of #. Then & is residually nilpotent; that is (= ; &*=0
[9, Theorem 4.3]. We may thus define a Hausdorff «/-adic topology on £ for which
a neighborhood basis of zero is given by the powers {&/"} of &Z. We will denote the
completion of £ in this topology by £ and the completion of & by &/~ <Z%".
We also have Z=%". For any element x in &/”, we may form the Cauchy series

I+x+x221+x3/31+ - -

which converges in £ to a limit which we will call exp (x), an element of 1+
Similarly if y is in &/” we have the series

y—1/2y24+1/3y%— ...

whose limit we will denote by log (1 +y). We have as usual that log (exp (x))=x
and exp (log (1+y))=1+y. Since G is contained in the set 1 + /", we may consider
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the Q-subspace A of &/ spanned by log (G). The dimension of A is the torsion-
free rank of G and A is a nilpotent Lie subalgebra of the commutation Lie algebra
in 2~ [9]. We call A the Lie algebra of G.

Recall that by using the Baker-Campbell-Hausdorff formula, we may define a
multiplication * in any nilpotent Lie algebra A over a field F of characteristic zero
by

xxy = x+y+(1/2)(x, ) +1/12)((x, y), y) +A[12)(p, X), X)+ - - -
where ( , ) denotes the Lie product in A and the sum is finite since A is nilpotent.
The multiplication * makes A into a nilpotent F-group (in the sense of §l, via
scalar multiplication) [9], which we will denote by (A, *). Let [a, b] denote the
group theoretic commutator of a and b in (A, *) and (a, b) denote the Lie product
of aand b in A, with similar notation for higher order commutators or Lie products.
Then we have for any commutator [9]:

(@) [g1,---> 8&]=(g1, . - ., &)+ higher order Lie products in which each g; occurs
at least once.

For the Lie algebra A of an N-group G, we have for a and b in log G, exp (a * b)
=exp (a)-exp (b). Thus exp gives an isomorphism of the set log G with multiplica-
tion * onto G. In fact exp gives an isomorphism of (A, *) with a Mal’cev completion
QG of G. Also automorphisms of G are in one-to-one correspondence with auto-
morphisms of A which stabilize log G [2, Chapter 4].

LEMMA 2.1. Let A and T be nilpotent Lie algebras over a field F of characteristic
zero, and suppose ¢: A — T is a one-to-one and onto map of sets. Then ¢ is an iso-
morphism of A onto T' as Lie algebras if and only if it is an isomorphism of (A, *)
onto (T, %) as F-groups.

Proof. The “only if”” part follows directly from the fact that the * multiplication
is defined in terms of sums and Lie products and the fact that the action of F is
given by scalar multiplication, since sums, Lie products, and scalar multiplication
must be preserved by a Lie algebra homomorphism.

Conversely, if ¢ preserves the action of F, then ¢ preserves scalar multiplication.
To finish the proof we must show that p(a+ b)=g(a) + ¢(b) and ¢((a, b)) =(¢(a),e(b))
for all @ and b in A. We do this for ain A and b in Z(A), the ith center of the Lie
algebra A, by induction on i. It follows easily from () above that b is in Z(A) if
and only if b is in Z,(A, %), the ith center of the group (A, *). Thus since ¢ is a group
homomorphism, if b is in Z(A), (b) is in Z(I").

For b in Z,(A), all Lie products in A in which b occurs are zero, and all Lie
products in I' in which ¢(b) occurs are zero. Thus we have

axb =a+b,
pla+b) = axb) = pla) * p(b) = p(a)+¢(b),
p(a, b) = ¢(0) = 0 = (p(a), (b)),
so we may begin the induction.



1971] FINITELY GENERATED NILPOTENT GROUPS 335

Now we assume that p(a+b)=¢(a)+ ¢(b) and ¢(a, b)=(¢(a), ¢(b)) for any a in
A and any b in Z(A) for which i is less than n, and prove the same statement for b
in Z,(A). We then have a x b=a+b+(1/2)(a, b)+ - - - +n-fold Lie products in a
and b. Any Lie product containing b must lie in &, for i <n, so we may apply the
induction hypothesis to obtain

p(a * b) = pla+b+(1/2)(a, b)+ - - ) = p(a+b)+(1/2)p(a, b)+ - - -.

We may show that ¢ preserves Lie products involving j terms, one of which is b,
by a downward induction starting with j=n. The proof uses the fact that ¢ preserves
group theoretic commutators, our induction hypothesis and the statement («)
above. Using this fact we have

¢(a * b) = p(a+b)+(1/2)(p(a), p(B)) + - - -.

We also have, however, that

p(a * b) = g(a) * p(b) = (@) +¢(b)+(1/2)(p(a), p(B)) + - - -

By canceling the Lie products, we obtain ¢(a+ b)=¢(a)+ ¢(b), as desired.

Recall that an N-group G is said to be lattice nilpotent if log G is closed under
addition (thus a lattice) in the Lie algebra A of G. For the remainder of this section
(except Corollary 2.3) we will assume that G is lattice nilpotent. Suppose that we
put a p-adic topology on the abelian group log G, for which the neighborhood basis
of zero is given by the subgroups {p' log G} for integers i>0. If g is an element of
G, we have exp (p' log g)=g". Thus exp (p' log G) ={G}", the set of p*-powers in G.
As noted in §1, the topology in G for which a neighborhood basis of the identity is
given by the sets {G}*' is in fact the p-adic topology in G. Thus exp is a homeo-
morphism from log G with its p-adic topology to G with its p-adic topology.

Let A, denote the tensor product Q, ®, A=Q, ®;log G and denote by
Z,log G the abelian subgroup Z, ®; log G of A,. We may consider log G con-
tained in Z, log G as 1 ® log G and A contained in A, as 1 ® A. We then have

PRrROPOSITION 2.2. Let G be a lattice nilpotent group. Then Aut(Q,G) is iso-
morphic to Aut (A,) by an isomorphism which takes

stab (QG, Aut (Q,G)) to stab (A, Aut (A,)),

stab (Z,G, Aut (Q,G)) to stab (Z, log G, Aut (A,)), and

stab (G, Aut (Q,G)) to stab (log G, Aut (A,)).

Proof. Z, log G is clearly the completion of log G in its p-adic topology. Since
A, is a nilpotent Lie algebra, we may define the * multiplication on it. Since exp
is a homeomorphism and an isomorphism of (log G, *) onto G, it must extend to an
isomorphism of (Z, log G, *) onto Z,G. (A,, ) is a divisible nilpotent group and
some integral multiple of each element of A, lies in Z, log G, so (A,, *) must be a
Mal’cev completion of (Z, log G, ). We thus have that (A,, %) is isomorphic to
Q,G by a further extension of exp. We may now define the desired isomorphism by
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sending an element ¢ of Aut (Q,G) to log o ¢ oexp in Aut (A, *) which equals
Aut (A,) by Lemma 2.1. This isomorphism clearly does as required.

COROLLARY 2.3. Suppose G is an arbitrary N-group and A is its Lie algebra. Then
QG is isomorphic to (A, x) and Q,G is isomorphic to (A,, *).

Proof. There is a lattice nilpotent group H which contains G as a subgroup of
finite index [13, Theorem 2]. We then have QG isomorphic to QH, so that if the
Lie algebra of H is I', we have (A, *) isomorphic to (I, *) and thus by Lemma 2.1
A isomorphic to I'. Also Z,G is of finite index in Z,H so Q,G and Q,H are iso-
morphic. Thus we have

0,6 = Q,H = (I'y, %) = (A, %).

Recall [4] now that an algebraic matric group $ of degree n over a field & is given
by an ideal £ of polynomials in k[X;;, ..., X,.] such that for some (and hence
every) algebraic closure k of k, the set of elements 95 of elements of GL (n, k)
whose entries annihilate .# is a group. If B is any subring of an overfield of k, we
denote by 95 the group of elements of GL (n, B) whose entries annihilate #.

Suppose now that A is a finite-dimensional rational Lie algebra with vector
space basis {@;} and structure constants with respect to this basis {y;;,}. A matrix
(X3,) in GL (n, Q) acting on the basis {a;} gives an automorphism of A if and only
if the entries of the matrix satisfy the equations

z Z XuXisyis = Z YiXie forall i, j, ¢.
T s

Thus the automorphism group of A is isomorphic to the group of rational points
®&,, of an algebraic matric group & over Q. Similarly, Aut (Q, ®¢ A) is isomorphic
to g,

Now let A be the Lie algebra of our lattice nilpotent group G and take as a basis
for A, a Z-basis for the lattice log G. Let & be the algebraic matric group obtained
as above with respect to this basis. In view of Proposition 2.2, we have

PROPOSITION 2.4. If G is a lattice nilpotent group, then there is an algebraic
matric group & over Q such that Aut (Q,G) is isomorphic to S, for each p, by an
isomorphism which takes

stab (Z,G, Aut (Q,G)) to &,

stab (QG, Aut (Q,G)) to &, and

stab (G, Aut (Q,G)) to &,
in such a way that if ¢ is an automorphism of QG and ¢, the extension of ¢ to an
element of stab (QG, Aut (Q,G)), the element of &, determined by ¢, is independent
of p.

Suppose now that & is an algebraic matric group over Q, and let V be the set of
finite primes in Z. We then define &, to be the subgroup of [ [,.v ®,, consisting of
elements (x,),cy such that, for all but a finite number of primes p, x, is in &;.
If x is in &4, we know that x is in &, for all but a finite number of primes p. Thus
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@, may be diagonally embedded in &, by x — (x),cy. We further define &3 to be
the subgroup of &, consisting of (x,),ev for which x, is in &, for all primes p.
With these definitions we have

THEOREM A [4, THEOREM 5.1]. Let & be an algebraic matric group over Q.
Then the number c(®) of distinct double cosets &% -x-Sq (x € &) is finite.

3. Proof of theorem.

THEOREM 3.1 (BOREL). Let G be an N-group. Then the N-groups H for which
F(G)=F(H) are contained in finitely many commensurability classes.

Proof. Let G and H be N-groups and let I and A be their respective Lie algebras.
We know that G and H are commensurable if and only if I' and A are rationally
isomorphic; that is, commensurability classes of N-groups are in one-to-one
correspondence with isomorphism classes of rational nilpotent Lie algebras.
We also know by Lemma 1.2 that if #(G)=%(H), Z,G and Z,H must be iso-
morphic for each prime p. This implies that Q,G and Q,H are isomorphic and
thus by Corollary 2.3 that I', and A, are isomorphic for each prime p. Thus if A is
the Lie algebra of an N-group H, for which #(G)=%(H), A must be isomorphic
to I' over Q, for each prime p. By Theorem 7.11 of [5], there can be only finitely
many isomorphism classes of such rational Lie algebras, and thus only finitely many
commensurability classes containing an N-group H with #(G)=%(H).

REMARK. Borel has pointed out that by using the full force of Theorem 7.11 of
[5], one could strengthen Theorem 3.1 to say: If P is a finite set of primes and G
is an N-group then the N-groups H, for which Z,G is isomorphic to Z,H for all
primes p not in P, lie in only finitely many commensurability classes. For our main
theorem, however, we need all primes as shown by the groups

F, ={a, b, c| [a, b] = ¢™, and F, is nilpotent of class 2}.

These groups are nonisomorphic (consider F,/F;), but for all primes q#p, Z,F, is
isomorphic to Z,F,, for all integers m and n.

Suppose that G is an N-group. We define the group %, to be the subgroup of
[ Toev Aut (Q,G) consisting of elements [ [,y (o), such that, for all but a finite
number of primes p, o, is in stab (Z,G, Aut (Q,G)). We define the group 4% to be
the subgroup of ¢, consisting of all [ [,ey (e,) for which «,, is in stab (Z,G, Aut (Q,G))
for all primes p. If « is in Aut (QG), we may consider « to be an element of ¥, as
follows: for each prime p in V let «, be the unique extension of « to an auto-
morphism of Q,G. By Lemma 1.9, «, is an element of stab (Z,G, Aut (Q,G)) for
all but a finite number of primes p, so that [ [,ev () is an element of 4,. We will
denote Aut (QG), embedded in %, in the above manner, by %,,.

Given two N-groups G and H we will say that H is in the genus of G if H is
commensurable with G and if H and G have isomorphic finite quotients. The
following proposition was inspired by Proposition 2.3 of [4].
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PROPOSITION 3.2. The isomorphism classes in the genus of G are in one-to-one
correspondence with a subset of the set of double cosets G3\9 ,/%,.

Proof. Suppose that H is in the genus of G. Then by Lemma 1.2, there are iso-
morphisms ¢,: Z,G — Z,H for each pin V as well as an isomorphism ¢: QG — QH.
Each ¢, extends to an isomorphism ¢,: Q,G — Q,H and, for each prime p, ¢
extends to an isomorphism ¢,: Q,G — Q,H. By Lemma 1.9, ), maps Z,G iso-
morphically onto Z,H for all but a finite number of primes p, so that [ [,ey (¢5 0 ¢,)
is an element of ¥,. We now show that the corresponding double coset in
G3\94/9, is independent of several choices made above. First suppose that 6,
were a different choice of isomorphism from Z,G to Z,H. Then 8,=¢,c ¢, 0 6,
and 6,'0 ¢, is an automorphism of Z,G for each prime p. Thus we have
[ Tpev (851 o ¢,) is an element of 5 so that [ [ ey (65 4, lies in the same double
coset as [ [pev (@, 1 © 4,). Similarly if y were a different choice of isomorphism
from QG to QH, we would have y=y o =1 o y. Again since ) ~! o y is in Aut (QG),
we have [ [pev (¢, ! o v,) in the same double coset as [ [,y (¢5 ! © ¢,). Finally,
suppose K were a group isomorphic to H by an isomorphism o. Then o extends to
isomorphisms o,: Z,H — Z,K and &: QH — QK, each of which extends to the
same isomorphism &,: Q,H — Q,K, for a given prime p. We then have
o,09,: Z,G—>Z,K and 6o¢: QG — QK. The element of %, corresponding
to these isomorphisms is [ [,y (B, 206, 06,0 ¢h,)=] [,ev (G5 ' o ¢,). We thus
have that the above defined map from isomorphism classes in the genus of G to
the double cosets ¥3\%,/9, is well defined.

Now suppose H and K are two N-groups in the genus of G, whose respective
isomorphism classes are sent by the above defined map to the same double coset
G2\Y4/%o. We will show that H and K must be isomorphic, proving that our set
map is one-to-one and thus giving the desired conclusion. Let ¢,: Z,G — Z,H,
$: OG— QH, 0,: Z,G - Z,K and v: QG — QK be isomorphisms. By hypothesis,
T lrev (51 o ,) and [ [,ev (651 © 7,,) lie in the same double coset. Thus we may
modify o, by an automorphism of Z,G and 4 by an automorphism of QG so that
[ Toev (@5t 0 p)=]Ipev (651 © 7). This means that for each prime p, ¢, ' o,
=6,'0 7, as automorphisms of @,G. Consider now the isomorphisms 6,
=o,09; 1 Z,H—~>Z,Kand y=70o¢~': QH — QK. We then have

9p=&p°¢;1= ooyt =yt OoH — Q,K,

by the above remarks. By Corollary 1.7, the groups H and K must be isomorphic.

We now show that the number of double cosets ¥5\% 4/, is finite.

Suppose first that G is a lattice nilpotent group. Then by Proposition 2.4, we
have that there is an algebraic matric group & such that %, is isomorphic to &,
by an isomorphism which takes ¢35 isomorphically onto &% and %, isomorphically
onto &,. By Theorem A of §2, we have that the number of double cosets &3\ ,/S,
is finite so that the number of double cosets ¥5\% /%, is also finite.
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Now suppose that G is any N-group. By a result of C. Moore [13], there is a
lattice nilpotent group H, which contains G as a subgroup of finite index. By Lemma
1.8 we have that Z,G=Z,H as subgroups of Q,G=Q,H for all primes p except
those in a finite set W. We have QG=QH and Q,G= Q,H as noted above for all
primes p. For all primes p, except those in W, we have

stab (Z,G, Aut (Q,G)) = stab (Z,H, Aut (Q,G)) = stab (Z,H, Aut (Q,H)).

Suppose now that [T,y (o) is an element of %,, so that «, is an element of
stab (Z,G, Aut (Q,G)) for all primes p except for those in some finite set U.
Then we have «, in stab (Z,H, Aut (Q,H)) for all primes p except those in the
finite set U U W, so that [ [,y («,) is an element of 5#,. Thus we have ¥,=5£,.
Since QG=QH we obviously have ¥,=5, By Proposition 1.14 for each
prime p in W, there are subgroups K, of Aut(Q,G) of finite index in each of
stab (Z,G, Aut (Q,G)) and stab (Z,H, Aut (Q,G)). Thus

K= T] stab(Z,G, Aut(Q,G0)x [ ] K,
peV\W pew
is of finite index in each of ¥ and s#%. This implies that the number of double
cosets

|92\94/Go| = [K\Gu|%o| = |K\#Y Hr,

which is finite, since |53 \H#,/| is finite, and K is of finite index in H#°F.
The above computation together with Proposition 3.2 proves

THEOREM 3.3. The number of isomorphism classes in the genus of an N-group is
finite.

This result, together with Theorem 3.1 of Borel, yields

THEOREM 3.4. Let G be an N-group. Then there are only finitely many isomorphism
classes of N-groups H for which #(G)=%(H).

PROPOSITION 3.5. Let G and H be finitely generated nilpotent groups which have
isomorphic finite quotients. Then the torsion subgroups G and vH of G and H are
isomorphic and the respective torsion-free factor groups G*=G|rG and H*=H [tH
have isomorphic finite quotients.

Proof. By Lemma 1.2, we have Z,G isomorphic to Z,H for each prime p. We
will show that for each prime p, Z,G* is isomorphic to Z,H* and the p-Sylow
subgroup of G is isomorphic to the p-Sylow subgroup of +H. We have (\7-,G™
=(7G),, the product of the g-Sylow subgroups of G with g+ p. This implies that
the p-adic topology on G,=G/(vG), will be Hausdorff and that Z,G,=Z,G. We
also have that (vG)/(7G),- is the torsion subgroup of G, and is normal. We have
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that G,/7(G,)=G¥*, so that by Lemma 1.1, Z,G,/Z,7(G,) is isomorphic to Z,G*.
Since G* is torsion-free, Z,G* is torsion-free, so that the torsion subgroup of Z,G,
is Z,(7G,)=7(G,)=p-Sylow subgroup of +G. Since Z,G, and Z,H,, are isomorphic
by hypothesis, their respective torsion subgroups must be isomorphic and their
respective torsion-free factor groups must be isomorphic. That is, the p-Sylow
subgroup of G is isomorphic to the p-Sylow subgroup of +H and Z,G* is iso-
morphic to Z,H*. Since G and rH are the direct product of their Sylow sub-
groups, 7G and 7H must be isomorphic and the proof is complete.

THEOREM 3.6. Let G be a finitely generated nilpotent group. Then the finitely
generated nilpotent groups H, for which #(G) =% (H), are contained in finitely many
isomorphism classes.

Proof. By Theorem 3.4 and Proposition 3.5, it suffices to show that there can
be only finitely many nonisomorphic groups with a given torsion subgroup =G
and a given torsion-free quotient group G*. Let (xy,..., Xp, 74, ..., F'y) be a pre-
sentation of G*, and let X1, ..., X, be preimages of x,, ..., x, in an extension G
of G by G*. G is then determined by the automorphisms «; of G given by con-
jugation by X; and the elements R,=r,(Xj, ..., X,) of 7G. As there are only finitely
many possible choices for each X, each «; and each R;, there can be only finitely
many isomorphism classes of such extensions G. Q.E.D.
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